Abstract-A method of solving two-dimensional static models is suggested. Unlike known methods, it explicitly uses a procedure of analytical continuation of the S matrix to unphysical sheets of the Riemann surface.
INTRODUCTION
The dispersion relations for nonzero-angle π N scattering proved by Bogoliubov [1] have provided a firm basis for the static models. Below we will study the static dispersion relations, reducing them to a nonlinear (owing to the elastic unitarity condition) boundaryvalue problem. It involves a number of conditions for the matrix elements of the S matrix: The real values of the variable z are equal to ω , the total energy of a relativistic particle scattered off the fixed center. The meromorphy of the functions S i ( z ) is a consequence of the static limit of scattering problem [2] . The elastic unitarity condition (1c) is valid at the right cut of z plane. At the left cut, the functions S i ( z ) are defined by the crossing symmetry condition (1d). The crossing symmetry matrix is determined by a group under which the S matrix is invariant.
ANALYTICAL CONTINUATION OF S MATRIX
TO UNPHYSICAL SHEETS Rewrite the conditions (1) in an operator form. To do this, we determine a column of functions where the superscript denotes a physical sheet of the Riemann surface of S matrix and the square brackets denote the column of functions S i ( z ). The conditions (1a), (1b), and (1d) apply to the physical sheet, whereas the unitarity condition (1c) may be continued to the
complex values of ω , and in the componentwise form, ( z ) ( z ) = 1 it determines the values of ( z ) on the first unphysical sheet. The operator form of the unitarity condition (1c) is given by a nonlinear operator I as As a result, the conditions (1) take the form (a) S 0 ( z ) is the column of meromorphic functions in the complex plane z with cuts (-
The operators A and I do not commute, and the analytical continuation to unphysical sheets is defined by the formula (3) where p is the number of the Riemann surface sheet. With the definition (3), the unitarity and crossing symmetry conditions are continued to unphysical sheets:
The complexity of solving the problem (2) depends on the dimension of the column S 0 ( z ) and on the form of the linear operator A , the crossing symmetry matrix.
The unitarity condition in the variable p is the simplest functional equation whose solution may be presented by two formulas: (5) and G i ( p , z ) is an entire function. Entire functions are defined by their zeros; this being so, we will consider
where The crossing symmetry (2d) allows S 0 (z) to be expressed in terms of symmetric s(z) and antisymmetric a(z) functions. We will consider Eq. (3) on a projective line. In this case, at z = 0 we may determine the value of the affine coordinate X 0 = = -and calculate its value on the p-th sheet using Eq. (3):
To arrive at (7), we have not used one of the unitarity conditions (4). We will use it to determine the function S 2 = ϕ l (p), which is defined, in view of crossing symmetry, from the equations (8) The solution to Eq. (8) may be derived using the function G from the relations (5), and it looks like (9) while the equations for the function g l (p) are (10) The problem (10) was solved through successive substitutions of the function g l (p), which decrease the l value and reduce the equation for g l (p) to a homogeneous one. Interestingly, it admits a reduction to the classical problem of summation of functions. 1 Let us consider l = 1 to illustrate this procedure. Replace the variable g l (p) = (-1) p f(p). Then the equations for f(p) becomes (11) 1 Our attention to this point was drawn by V.I. Inozemtsev.
The calculation of f(p) reduces to the summation of functions in the right-hand side of the difference equation (12) The sum in the formula for f(p) is calculated. The difference between the denominator and the numerator of the fraction under the logarithm sign is 2. This leads to the fact that the fractions in the sum that are by two numbers apart have the same denominator and numerator which cancel when added. Cancellations take place for even and odd n independently. Therefore, the sum sought is (13) Assuming f(0) = ln(-1), we arrive at the result following from formula (9) for l = 1. A similar cancellation mechanism of fractions apart by 2l works for arbitrary l, which leads to formula (9).
POLES OF S MATRIX ELEMENTS
Formulas (7) and (9) are true for p ∈ ‫ޚ‬ and define poles and zeros of S 1 and S 2 . But they are not a solution of (1) since under these conditions S i are complex. To derive them, all the conditions (1), except the unitarity condition (1c), were used. For this condition we will choose the unitarity condition for X which put additional constraint on p(ω)
The linear nonuniform boundary-value problem possesses a solution [4] (15) which permits a continuation of formulas (7) and (9) 
